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ABSTRACT: Various properties of hydrocarbon chains are calculated with the use of three different variants 
of the rotational isomeric state model: lattice chains, unperturbed chains, and off-lattice chains with excluded 
volume. The properties examined are ( r 2 ) ,  ( s2),  ( r  ), and ( r4) .  It is found that lower and inverse moments 
of r are more sensitive to excluded volume effects than ( r 2 ) .  

The rotational isomeric state [RIS] model has been used 
by many research groups to calculate the configurational 
properties of hydrocarbon chains. I t  has been applied to 
chains as short as decane as well as to p~lyethylene.'-~ A 
variety of experimental properties of hydrocarbon chains 
and their derivatives have been simulated with the use of 
this model, including vectorial properties like the dipole 
moments of cu,w-dibromoalkanes2 and tensorial properties 
like the depolarization ratios from Rayleigh light scattering 
studies of alkanes and their  solution^.^ I t  has been applied 
to the cyclization probability of n-alkanes and their de- 
r iva t ive~~ and to calculating the mean-squared end-to-end 
length ( r 2 )  and its temperature dependence for poly- 
ethylene,l to the diffusion constants for  alkane^,^ and more 
recently to the form of the scattering function for neutron 
diffraction from alkanes and polyethylene.6 The model 
is so widely accepted that in many ways we have learned 
to think in its language and in terms of its assumptions 
in viewing any property of alkanes. 

Nonetheless, applications of the RIS model to hydro- 
carbon chains have not been without controversy. As it 
is a semiempirical model, there have been questions about 
the correct parameters to use. Different mathematical 
methods have been employed to carry out calculations 
based upon the model. Each has required further sim- 
plifying assumptions. 

Various research groups have expressed different opin- 
ions of how realistic were each set of assumptions. These 
competing points of view have coexisted for many years 
because there are relatively few properties of hydrocarbon 
chains that have been calculated with complimentary sets 
of assumptions in order to assess their quantitative dif- 
ferences. 

Within the context of realistic RIS models of hydro- 
carbon chains, the two extremes are (self-avoiding) lattice 
chains, which confine the chain and its substituents to the 
vertices of a diamond lattice, and off-lattice unperturbed 
chains. The latter permit the LCCC bond angle to be set 
at 1 1 2 O ,  the value found in the crystalline state of simple 
alkanes, whereas the former distort this angle to 109.5'. 
Markov chains can take account of local or proximate 
interactions. For hydrocarbon chains these are almost 
always interactions over successive pairs of bonds so that 
the destabilization associated with pairs of gauche rotamers 
of the opposite sense-the pentane effect8-can be in- 
cluded in the parameterization of the model. Nonlocal 
interactionsg are neglected. These are treated as part of 
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the excluded volume problem which is assumed to be un- 
important for chains of less than several hundred atoms. 

Diamond lattice chains have the advantage that they 
permit one to include nonlocal interactions into the RIS 
model. In principle one could use this power to assess their 
contribution to the excluded volume effect. Aside from 
LCCC bond angle distortion, the structure imposed upon 
a hydrocarbon chain [e.g., 120' rotational angles] is very 
similar to that incorporated into off-lattice models of these 
molecules. Few would deny that the most realistic of all 
the variations on the RIS model would be off-lattice chains 
which took account of remote interactions. So far the 
amount of computer time necessary to  carry out compu- 
tations for such chains has precluded wide-spread use of 
this model. 

Elegant mathematical methods have been developed for 
investigating unperturbed chains. The matrix multipli- 
cation method, developed by Volkenstein,loa Lifson,lob and 
Nagai,loc and widely applied by Flory,' permits one to 
compute exactly any property of an unperturbed chain 
which can be expressed in the proper mathematical format. 
While mathematically sophisticated, these calculations are 
often economical in computer time. This is the method 
most frequently applied to hydrocarbon chains. 

There are properties of molecules not yet amenable to 
being expressed in the form of (a vector) X (a matrix) X 
(a vector), where X means the direct product. These 
properties cannot be evaluated by the matrix multiplica- 
tion method. Monte-Carlo methods are often used in these 
and other instances to estimate chain properties from a 
random sample of chain molecules grown by a computer. 
Monte-Carlo methods have been applied to unperturbed 
chains,6J1 to diamond lattice ~ h a i n s , ~ * , ~ J ~  and even to  
off-lattice chains with remote interactions i n ~ l u d e d . ~ J ~  As 
the sophistication of the model increases, the expense in 
computer time increases. Monte-Carlo estimates are 
tinged with a mathematical uncertainty which can only set 
limits to the numerical value of the property of interest. 
Of course the variance of the estimate goes to zero as the 
sample of chains becomes infinitely large. Practical con- 
siderations, however, such as available computer time, 
make their imposition. Each calculation represents a 
compromise among factors such as the sophistication of 
the model, the required precision, and the cost of the 
calculation. 

We felt it would be particularly worthwhile to examine 
certain properties of hydrocarbon chains in light of each 
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of these variations of the RIS model. Beginning with 
commonly accepted parameters for the RIS model of al- 
kanes, we have calculated the mean-squared end-to-end 
length ( r2 )  and the mean-squared radius of gyration (s2) 
for a wide variety of often used secondary assumptions. 
In addition and within the limits of time and finances 
available to us, we have carried out comparison Monte- 
Carlo calculations for off-lattice chains, taking full account 
of both local and nonlocal interactions. 

Mathematical  Methods a n d  Parameters  
Matrix multiplication calculations were carried out as 

described by Flory. Diamond lattice chains were examined 
by a Monte-Carlo technique, previously described,I2 which 
consisted of growing independent samples of 100 000- 
300000 chains of length up to and including 225 bonds. 
Off-lattice chains were examined by two methods. Chains 
of up to 14 bonds were enumerated exactly and chain 
properties computed from this ensemble. For longer 
chains, a Metropolis sampling technique, related to that 
of Lal and Stepto15 for tetrahedral lattice chains, was used. 
A new configuration was generated by changing randomly 
the conformational angles of a sequence of up to four-chain 
bonds. The position of the sequence in the chain was also 
chosen randomly. An algorithm was devised for circum- 
venting the accumulation of rounding errors which can 
arise13b with off-lattice chains as a result of the repetitious 
computation of new coordinates for skeletal atoms. It was 
often necessary to generate several million configurations 
for proper convergence of the estimate. One way of as- 
certaining whether a Monte-Carlo calculation includes a 
large enough sample to give a proper estimate of ( r2)  or 
(2)  is to estimate values of ( r : )  or (s:) where remote 
interactions are neglected and which can be enumerated 
exactly by matrix multiplication methods. These estimates 
were calculated for all chain lengths reported in the tables. 
Estimates of (r:) and (8:) agreed with their exact values 
within 1-2% in all cases. 

Our parameterization of the RIS model is similar to that 
described by Flory. The CC bond length is chosen to be 
1.53 A. The LCCC bond angle is taken to be 112' except 
in the diamond lattice versions where it is set a t  109.5'. 
Rotational angles of O0,&12O0 are used in all calculations. 

Two of the most critical parameters introduced into the 
RIS model of alkanes are E,, the gauche-trans energy 
difference, and E,, the additional destabilization due to 
successive gauche bonds of the opposite sense (g'g'). 
Experimental values of the former appear to be converging 
around 600 cal/mol in the liquid phase." This value of 
E, was used in all computations. 

Flory has argued that a value of E, + E,  of ca. 2500 
cal/mol is necessary to account for the experimental 
properties of polyethylene at  140 OC. At that temperature 
the statistical weight of a g'g' sequence uw = exp[-(E, + 
E,)/RT] is ca. 0.05. At lower temperatures this sequence 
is less important to chain properties and its statistical 
weight is much smaller. In consequence, one often sim- 
plifies RIS calculations by assigning the g'g' sequence zero 
probability, i.e., E,  = m, w = 0. We have carried out 
computations with the use of the values of 1900 cal/mol 
and m for E,  in order to assess their effect on the various 
forms of the RIS model. 

Nonlocal interactions are considered in different ways 
in each model. In unperturbed chain models they are 
ignored; excluded volume is neglected. In diamond lattice 
models, second neighbor hard sphere exclusion is invoked 
for all carbons. Thus, no carbons are able to approach one 
another by less than 3 A, and g'g' sequences are forbidden 
(E, = m). In the off-lattice Monte-Carlo calculations, g'g' 
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sequences are permitted at  a cost of E, = 1900 cal/mol. 
Nonlocal hard sphere repulsions are invoked to accomo- 
date excluded volume effects. The effect of the radius of 
this hard sphere on chain properties was examined. In one 
set of calculations, chain properties were estimated for 
chains in which remote carbons could approach to as close 
as 3.0 A. In a second set of calculations, the hard sphere 
repulsion distance was relaxed to 2.7 A. The former value 
is probably more realistic. 

Results a n d  Discussion 
Table I contains values of the mean-squared end-to-end 

length, expressed as ( r 2 ) / n 2  and ( r 2 ) / n 1 2 ,  for chains of 
up to 225 bonds. Tetrahedral variations (LCCC = 109.5') 
of the RIS model are grouped in the four left-hand col- 
umns. The more realistic variations (LCCC = 112') are 
found in the six columns on the right. The letters "ev" 
at  the head of the column indicate that excluded volume 
has been introduced into the calculation in the form of 
hard sphere repulsions as discussed above. Results with 
Professor Flory's model (with E, = 600 cal/mol) are found 
in columns 6 (25') and 9 (140'). Results from the "most 
realistic" model, off-lattice RIS chains incorporating ex- 
cluded volume, are found in columns 7 (25') and 10 (140'). 

Corresponding calculations of the mean-squared radius 
of gyration, expressed as (s2/n12) and (s:/nl2), are found 
in Table 11. 

For unperturbed chains (columns 2 and 3 as well as 5 
and 6), one sees that only very small differences arise in 
values of ( r2 )  or (2) at room temperature due to the choice 
of E, = 1900 cal/mol and m. At 25' the statistical weight 
of a gig' sequence is 1.55% for E, = 1900 cal/mol and of 
course zero for E, = m. The former probability is small; 
nonetheless for a sufficiently long chain, a single such 
sequence can lower the end-to-end separation of a fairly 
extended chain. Chain properties dependent upon higher 
moments of r would be particularly sensitive to these 
conformations. At room temperature chains ( r 2 )  and (s2) 
vary only by 2% a t  30 bonds for these two choices of E, 
and by 3% at  200 bonds. Since experimental techniques 
are unlikely to achieve precision better than 5% in mea- 
sures related to chain properties, simulations of chain 
properties are unlikely to be affected by the choice of E, 
as long as it is taken to be sufficiently large (21900 cal/ 
mol). 

Changes in the LCCC bond angle from 112 to 109.5" 
have somewhat more important effects on ( r 2 )  and (s2), 
and the magnitude of the change increases with chain 
length. For decane the predicted values of ( r2 )  differ by 
6% and of (s2), by 5%. For hexatriacontane, predicted 
values of ( r 2 )  differ by nearly 9% and of (s2), by 7%. At 
200 bonds, values of both ( r 2 )  and (s2) are 10% smaller 
from calculations employing tetrahedral bond angles than 
those using LCCC = 112'. These changes are quite a bit 
larger than those found (-3%) for the fully extended 
chains. For many purposes, the differences of 110% found 
from these different parameters are unimportant, partic- 
ularly when other features of diamond lattice calculations 
offer important advantages to that kind of calculation. Of 
course, if it is desired to evaluate only characteristic ratios 
of unperturbed chains, most of the effects of bond angle 
choice can be alleviated by taking the ratios14 ( ro2)/ (n12( 1 
+ cos 6 ) / ( l  -cos 6)) and (s:)/(n12(1 + COS 6) / ( l  -COS e)),  
where 6 is the supplement of the valence angle. As the 
chain length increases, such ratios become more charac- 
teristic of the hindrance to free rotation, and in the present 
cases, the effects of choice of valence angle are reduced, 
for chains of 200 bonds, to 0.4 and 0.2%, respectively, on 
the bases of ( ro2)  and (s:). 
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Table I 
Mean-Squared End-to-End Distance of Hydrocarbon Chains Calculated for Various Modelsa [ (r')/nE' and (roz)/n1') ] 

off-lattice chains, iCCC = 112.0" 
19006 

no. of E, = m b  19006 1 900c (e+) 
bonds (evd) 1900c all transC mC 1900c (evd) all transC (140°C) ( 1 4 0 ° C )  

tetrahedral lattice chains, iCCC = 109.5" 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
1 2  
1 3  
14  
1 5  
16  
1 7  
1 8  
1 9  
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30  
3 5  
40  
47 
50 
60  
70 
80 
90 

100  
1 2 5  
150 
175  
200 
225 

1.33 
1.74 
2.18 
2.56 
2.91 
3.23 
3.53 
3.80 
4.04 
4.26 
4.47 
4.65 
4.83 
4.99 
5.14 
5.27 
5.40 
5.52 
5.63 
5.73 
5.83 
5.92 
6.00 
6.08 
6.16 
6.24 
6.31 
6.38 
6.45 
6.73 
6.97 
7.77 
7.34 
7.63 
7.88 
8.06 
8.22 
8.38 
8.69 
8.99 
9.26 
9.53 
9.77 

1.33 
1.74 
2.18 
2.56 
2.92 
3.24 
3.54 
3.81 
4.05 
4.28 
4.49 
4.67 
4.85 
5.01 
5.1 5 
5.29 
5.41 
5.53 
5.63 
5.73 
5.83 
5.91 
5.99 
6.07 
6.14 
6.20 
6.26 
6.32 
6.38 
6.61 
6.78 
6.92 
7.03 
7.19 
7.31 
7.40 
7.47 
7.52 
7.62 
7.69 
7.74 
7.77 
7.80 

1.33 
1.74 
2.18 
2.55 
2.90 
3.22 
3.51 
3.78 
4.02 
4.24 
4.44 
4.62 
4.79 
4.94 
5.08 
5.21 
5.33 
5.44 
5.55 
5.64 
5.73 
5.81 
5.89 
5.96 
6.03 
6.09 
6.15 
6.20 
6.25 
6.47 
6.64 
6.77 
6.87 
7.03 
7.14 
7.22 
7.29 
7.34 
7.44 
7.50 
7.54 
7.58 
7.60 

1.33 
2.11 
2.66 
3.40 
4.00 
4.71 
5.33 
6.04 
6.67 
7.36 
8.00 
8.69 
9.33 

10.02 
10.67 
11.35 
12.00 
12.68 
13.33 
14.02 
14.67 
15.35 
16.00 
16.68 
17.33 
18.00 
18.67 
19.35 
20.00 
23.35 
26.67 
30.01 
33.34 
40.01 
46.68 
53.35 
60.02 
66.69 
83.36 

100.03 
116.71 
133.38 
150.05 

1.38 
1.81 
2.28 
2.68 
3.07 
3.41 
3.73 
4.03 
4.30 
4.55 
4.77 
4.98 
5.18 
5.35 
5.52 
5.67 
5.81 
5.94 
6.07 
6.18 
6.29 
6.38 
6.48 
6.56 
6.64 
6.7 2 
6.79 
6.86 
6.92 
7.19 
7.39 
7.56 
7.69 
7.88 
8.02 
8.13 
8.21 
8.27 
8.38 
8.47 
8.53 
8.57 
8.60 

1.38 
1.80 
2.27 
2.67 
3.05 
3.39 
3.71 
4.00 
4.26 
4.50 
4.12 
4.93 
5.16 
5.29 
5.45 
5.59 
5.73 
5.86 
5.97 
6.08 
6.18 
6.28 
6.37 
6.45 
6.53 
6.60 
6.67 
6.73 
6.79 
7.04 
7.24 
7.39 
7.52 
7.70 
7.83 
7.93 
8.01 
8.07 
8.18 
8.26 
8.31 
8.35 
8.38 

1.37 
1.80 
2.27 
2.67 
3.05 
3.39 
3.71 
4.00 
4.26 
4.50 
4.72 
4.93 
5.16 
5.31 
5.51 
5.65 
5.79 
5.93 
6.06 
6.17 
6.28 
6.41 
6.46 
6.60 
6.72 
6.76 
6.87 
6.98 
7.02 

7.62 

8.01 
8.49e 

9. 27e 

1.38 
2.17 
2.75 
3.50 
4.12 
4.86 
5.50 
6.22 
6.87 
7.59 
8.25 
8.96 
9.62 

10.33 
11.00 
11.70 
12.37 
13.08 
13.75 
14.45 
15.12 
15.82 
16.50 
17.20 
17.87 
18.57 
19.21 
19.94 
20.62 
24.06 
27.49 
30.94 
34.37 
41.24 
48.11 
54.98 
61.86 
68.73 
85.92 

103.1 
120.3 
137.4 
154.6 

1.38 
1.74 
2.18 
2.55 
2.88 
3.18 
3.46 
3.70 
3.92 
4.1 2 
4.31 
4.47 
4.62 
4.76 
4.89 
5.00 
5.11 
5.20 
5.29 
5.37 
5.45 
5.52 
5.59 
5.65 
5.70 
5.76 
5.81 
5.85 
5.90 
6.08 
6.22 
6.32 
6.41 
6.54 
6.63 
6.70 
6.76 
6.80 
6.88 
6.93 
6.97 
7.00 
7.02 

1.37 
1.74 
2.18 
2.54 
2.88 
3.19 
3.47 
3.71 
3.94 
4.15 
4.34 
4.51 
4.71 
4.85 
5.00 
5.11 
5.24 
5.35 
5.50 
5.57 
5.61 
5.75 
5.81 
5.92 
6.01 
6.09 
6.16 

6.26 

6.79 

7.14 
7.43e 

8. 2se 

' E, = 600 cal/mol; E, = 1900 cal/mol or -. Monte-Carlo calculation. Matrix multiplication calculation. Excluded 
volume considered: Chains are self-avoiding with cut-off distances between centers of remote CH, groups taken to  be 3.0 
A .  e Excluded volume considered: Chains are self-avoiding with cut-off distances between centers of remote CH, groups 
taken t o  be 2.7 A.  

The excluded volume effect is usually discussed in terms 
of an expansion parameter cu2? = ( r2)  / ( r z )  which describes 
the extent to which model chains have their mean di- 
mensions expanded due to the inclusion of nonlocal non- 
bonded interactions into the computation. Our calcula- 
tions permit us to examine the magnitude of LY for lattice 
chains at  25' and for off-lattice chains (LCCC = 112O) at  
both 25 and 140'. We have in most cases computed ( r 2 )  
and (s2) for off-lattice chains for hard core repulsion 
distances of both 2.7 and 3.0 14 in order to assess the effects 
of small changes in this distance on the magnitude of the 
excluded volume effect. Our calculations also permit us 
to examine another expansion parameter c u 2 s ~  = ( s2) / ( s z )  
for these chains. These data are collected in Table I11 and 
Figure 1. 

At normally accessible temperatures, nonlocal non- 
bonding repulsions make only small contributions to ( r 2 )  

and (s2) for short chains. Both C+Z and aSz are less than 
2% for chains of fewer than 20 carbons and less than 5% 
for room-temperature chains of fewer than 40 carbons. 
Consequently neutron diffraction studies of hexatriacon- 
tane (35 bonds)'& at  room temperature would be unlikely 
to be sensitive to the very small excluded volume effect 
predicted in Figure 1. 

Values of cup and CY,Z are sensitive to both the tempera- 
ture and the model used to calculate chain properties. For 
off-lattice chains-the most realistic variant of the RIS 
model-the excluded volume effect is significantly more 
important at  140' than at  25'. As the temperature is 
increased, the chains become more compact, and corre- 
spondingly more sensitive to nonlocal nonbonding inter- 
actions. For (s2),  CY^^^ approaches 10% for 60-bond chains 
at  140' and 17% for 100-bond chains. Neutron diffraction 
studies of fractionated low molecular weight polyethylene 
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Table I1 
Mean-Squared Radius of Gyration of Hydrocarbon Chains Calculated for Various Modelsa [ (sz)/n12 and (soz)/nl2] 

off-lattice chains, LCCC = 112.0" 
1900b 

no. of E, = m b  19006 19OOC (ev:) 
bonds (e@) ,c 1900c all transC mc 1900c (e&) all transC (140°C) (140 C) 

tetrahedral lattice chains, LCCC = 109.5' 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
35 
40 
45 
50 
60 
70 
80 
90 
100 
125 
150 
175 
200 
225 

0.250 
0.259 
0.282 
0.314 
0.346 
0.377 
0.407 
0.436 
0.464 
0.491 
0.516 
0.540 
0.563 
0.584 
0.605 
0.625 
0.644 
0.661 
0.679 
0.696 
0.712 
0.727 
0.74 2 
0.7 56 
0.770 
0.783 
0.796 
0.809 
0.820 
0.833 
0.886 
0.933 
0.973 
1.01 
1.07 
1.13 
1.17 
1.21 
1.24 
1.31 
1.37 
1.42 
1.47 
1.52 

0.250 
0.259 
0.285 
0.317 
0.349 
0.380 
0.410 
0.439 
0.467 
0.493 
0.51 8 
0.542 
0.565 
0.587 
0.607 
0.627 
0.646 
0.664 
0.681 
0.697 
0.713 
0.728 
0.742 
0.756 
0.769 
0.781 
0.794 
0.805 
0.816 
0.827 
0.87 5 
0.915 
0.949 
0.978 
1.025 
1.062 
1.091 
1.114 
1.133 
1.170 
1.195 
1.214 
1.228 
1.240 

0.250 
0.259 
0.255 
0.317 
0.348 
0.379 
0.409 
0.437 
0.465 
0.490 
0.51 5 
0.539 
0.561 
0.582 
0.602 
0.621 
0.640 
0.657 
0.674 
0.690 
0.705 
0.7 20 
0.733 
0.747 
0.7 59 
0.772 
0.783 
0.795 
0.805 
0.816 
0.862 
0.901 
0.933 
0.961 
1.006 
1.051 
1.068 
1.091 
1.109 
1.144 
1.168 
1.186 
1.199 
1.210 

0.250 
0.259 
0.305 
0.353 
0.405 
0.458 
0.512 
0.566 
0.620 
0.675 
0.730 
0.785 
0.840 
0.895 
0.950 
1.005 
1.060 
1.116 
1.170 
1.226 
1.282 
1.337 
1.393 
1.448 
1.503 
1.559 
1.614 
1.780 
1.725 
1.781 
2.05 
2.33 
2.61 
2.89 
3.44 
4.00 
4.55 
5.11 
5.67 
7.05 
8.44 
9.83 
11.22 
12.61 

0.250 
0.264 
0.293 
0.327 
0.361 
0.395 
0.427 
0.459 
0.488 
0.517 
0.544 
0.570 
0.595 
0.619 
0.641 
0.663 
0.683 
0.703 
0.722 
0.749 
0.7 57 
0.774 
0.790 
0.805 
0.8 20 
0.834 
0.848 
0.861 
0.873 
0.885 
0.940 
0.985 
1.024 
1.057 
1.111 
1.153 
1.187 
1.214 
1.237 
1.279 
1.309 
1.331 
1.348 
1.362 

0.250 
0.264 
0.293 
0.327 
0.361 
0.394 
0.426 
0.457 
0.486 
0.514 
0.541 
0.566 
0.571 
0.614 
0.636 
0.657 
0.677 
0.679 
0.715 
0.733 
0.749 
0.765 
0.781 
0.796 
0.810 
0.824 
0.837 
0.850 
0.862 
0.874 
0.9 26 
0.970 
1.007 
1.039 
1.091 
1.131 
1.163 
1.189 
1.210 
1.251 
1.279 
1.300 
1.316 
1.329 

0.324 
0.358 
0.392 
0.424 
0.455 
0.485 
0.513 
0.540 
0.566 
0.590 
0.614 
0.634 
0.658 
0.679 
0.699 
0.718 
0.737 
0.755 
0.771 
0.791 
0.802 
0.821 
0.83 9 
0.850 
0.865 
0.881 
0.892 

1.005 

1.088 
1.171e 

1.354e 

0.250 
0.264 
0.312 
0.362 
0.417 
0.471 
0.527 
0.582 
0.637 
0.695 
0.752 
0.808 
0.86 5 
0.922 
0.979 
1.036 
1.093 
1.150 
1.207 
1.264 
1.321 
1.378 
1.435 
1.492 
1.550 
1.607 
1.664 
1.721 
1.778 
1.835 
2.12 
2.41 
2.69 
2.98 
3.55 
4.13 
4.70 
5.27 
5.84 
7.27 
8.71 
10.14 
11.57 
13.00 

0.250 
0.264 
0.289 
0.320 
0.351 
0.381 
0.410 
0.437 
0.463 
0.488 
0.51 1 
0.533 
0.554 
0.573 
0.592 
0.610 
0.627 
0.643 
0.658 
0.672 
0.686 
0.699 
0.712 
0.724 
0.735 
0.746 
0.757 
0.767 
0.776 
0.786 
0.826 
0.860 
0.889 
0.913 
0.951 
0.981 
1.004 
1.023 
1.039 
1.069 
1.088 
1.102 
1.114 
1.123 

0.318 
0.349 
0.379 
0.408 
0.436 
0.463 
0.488 
0.512 
0.534 
0.556 
0.577 
0.596 
0.616 
0.633 
0.651 
0.667 
0.687 
0.701 
0.716 
0.730 
0.742 
0.758 
0.771 
0.783 
0.796 

0.81 8 

0.915 

0.983 
1.047" 

1.216" 

E, = 600 cal/mol; E, = 1900 cal/mol or m. Monte-Carlo calculation. Matrix multiplication calculation. Excluded 
volume considered: 
A. " Excluded volume considered: 

Chains are self-avoiding with cut-off distances between centers of remote CH, groups taken to  be 3.0 
Chains are self-avoiding with cut-off distances between centers of remote CH, groups 

should be capable of providing measurements from which 
a82 can be calculated, thus permitting the parameters of 
the off-lattice calculation to be tested. 

Lattice chains with second neighbor exclusions are sig- 
nificantly less sensitive to remote nonbonding repulsions 
than off-lattice chains. The origin of this difference is not 
immediately obvious. It derives from structural features 
of the lattice imposed upon bond angles, together with the 
absence of gig' sequences in the present lattice chains. By 
comparison, these sequences are permitted (with low 
probability) in the off-lattice chains. They make important 
contributions to  very compact chain conformations and 
become increasingly important a t  high temperatures. 

Mean end-to-end distances ( r )  computed for off-lattice 
polymethylene chains are collected in Table IV. These 
values have,been calculated for remote hard sphere re- 
pulsion distances of 3.0 and 0 A. calculations without 
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Table I11 
Effect of the Hard Sphere Repulsion Radius on  
the Magnitude of the Excluded Volume Effect 

hard sphere hard sphere 
radius 3.0 A radius 2.7 A 

no. of 
bonds 2 9 8 K  413 K 2 9 8 K  4 1 3 K  

m z r 2  = ( r z ) / ( r O z )  
10  1.00 1.00 1.00 1.00 
20 1.02 1.04 1.01 1.02 
30 1.03 1.06 1.03 1.05 
40  1 .05  1.09 1.04 1.07 
50 1.07 1.11 
60 1.10 1.14 

100  1.15 1.22 
o 1 Z S 2  = ( S 2 ) / t S 0 Z )  

10 1.00 1.00 1.00 1.00 
20 1.01 1.02 1.00 i . o i  
30 1.02 1.04 1.02 1.03 
40 1.04 1.06 1.03 1.05 
50 1.05 1 .08  
60  1.07 1.10 

100 1.12 1.17 

Table IV 
Mean End-to-End Distances for Off-Lattice Chains? 

with ( r )  and without ( r0)  Account of Excluded Volumeb 

Properties of Hydrocarbon Chains 703 

t r ) ,  A ( r o ) ,  A no. of - 
bonds 2 9 8 K  413 K 2 9 8 K  4 1 3 K  

5 
6 
7 
8 
9 

1 0  
11 
1 2  
13 
1 4  
1 5  
16 
1 7  
1 8  
1 9  
20 

21 
33 
23 
24 
25 
26 
37 
28 
29 
30  

40  

50 
60 

100  

5.56 
6.50 
7.41 
8.28 
9.09 
9.88 

10.64 
11.37 
12.07 
12.75 
13.4 
14 .1  
14.7 
15.3 
15.9 
16.4 

(16.4)' 
17.0 
17.5 
18.1 
18.5 
19.1 
19.6 
20.0 
20.5 
21.0 
21.4 

(21.4)' 
25.6 

29.2 
32.8' 
44.0' 

(25.4)' 

5.42 
6.32 
7.17 
7.98 
8.75 
9.49 

10.19 
10.87 
11.52 
12.15 
12 .8  
13.4 
13.9 
14.5 
15.0 
15.6 

(15.5)' 
16.1 
16.6 
17.1 
17.5 
18.0 
18.5 
18.9 
19.4 

20.2 

24.1 
(23.9)' 
27.5 
30.6' 
41.6' 

(20.1)' 

8.26 
9.09 
9.88 

10.63 
11.36 
12.06 

13.4 
14.0 
14.6 
15.2 
15.7 
16.2 

16.8 
17.3 
17.8 
18.2 
18.8 
19.3 
19.7 
20.2 
20.6 
20.9 

24.6 

7.97 
8.73 
9.46 

10.15 
10.82 
11.45 

12.6 
13.2 
13.7 
14.3 
14.7 
15.2 

15.7 
16.2 
16.6 
17.0 
17.5 
17.9 
18.3 
18.8 
19.1 
19.4 

22.9 

Off-lattice exact enumeration for chains of 14  or fewer 
bonds; Monte-Carlo calculations for longer chains. Eg = 600 calimol, E ,  = 1900 cal/mol, LCCC = 112", @ t =  0 , 
@#* = 120", 1 = 1.53 A .  
sphere repulsion distance of 3.0 A between carbons sepa- 
rated by more than four bonds. ' The hard sphere dis- 
tance chosen t o  be 2.7 A .  

remote interactions give rise to "unperturbed dimensions" 
of the chain, and these are here represented by (r,,). For 
the chain lengths considered, an increase in the tempera- 
ture causes decreases in both ( r  ) and ( r o ) .  The former are 

( r )  calculated with a hard 

1 

25 50 
I .a 

0 
N U M B E R  OF BONDS 

Figure 2. The expansion factor of the mean end-to-end 
distance r for off-lattice chains: (0) 140 "C, (A)  25 "C; the two 
dashed lines are the corresponding values of aZrz at these tem- 
peratures. 

L 

v 

0 10 2 0  30 40 50 
N U M B E R  OF B O N D S  

Figure 3. Values of (r4) in nm4 [lo6 A*] for off-lattice chains. 
The open circles and triangles refer to calculations made with 
the use of a 3.0 8, radius hard sphere repulsive otential for remote 
interactions. The insert (0, A) refers to a 2.7 tfradius hard sphere 
repulsion. 

not very sensitive to the particular choices of hard sphere 
radii. 

In order to compare the sensitivity of ( r ) ,  the first 
moment of r, with that of the second moment ( r2 ) ,  we have 
chosen to define an expansion parameter 

a r  = ( r ) / ( r o )  
End-to-end distances enter into a: with the same ex- 

ponent as they enter into a2p via (?). Values of a 2 r ~  for 
polymethylene chains of up to 40 bonds are plotted in 
Figure 2. Two features of this plot are important. First 
a,*, like aZrz, is more important a t  higher temperatures. 
Second, the magnitude of a t  each temperature is sig- 
nificantly larger than that of c y 2 , 2 .  The excluded volume 
effect appears to be more important for lower moments 
of ( r ) ,  symptomatic of uneven expansion of the chain.l8 

As higher moments of r are particularly sensitive to 
chains of large end-to-end distance, inverse moments of 
r should be sensitive to compact configurations of the 
chain. Inverse moments of the end-to-end distance are 
important to many physical properties of chain molecules. 
( r - l )  plays an important role in determining the diffusion 
coefficient of  polymer^.^ ( r-3) enters into descriptions of 
dipolar interactions.lg The negative sixth moment ( rd) 
appears in descriptions of electronic energy transfer 
[Forster dipole-dipole mechanism] between chromophores 
attached to the ends of a polymer chain.20 Because (r*) 
is in principle an experimentally accessible quantity 
through fluorescence energy transfer experiments, we have 
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used exact enumeration (less than 15 bonds) and Monte- 
Carlo methods to calculate these quantities. The results 
are shown in Figure 3. 

Values of ( r+ )  are very sensitive to the choice of remote 
hard sphere repulsion radius. Large values of (r*) imply 
short end-to-end distances. A 2.7-A excluded volume ra- 
dius lets the chain ends approach closer than does a 3.0-A 
radius. Once the chains are longer than 20 bonds in the 
former case, and longer than 14 bonds in the latter, (rd) 
changes only slowly with chain length. It is worth noting 
that an apparently large relative change in (r*) corre- 
sponds to a much smaller change in r (e.g., a change from 
(rd) = 2 to 1 nmd corresponds to a change of r = 9 to 10 

One interesting feature in the (r*) calculation is the 
apparent odd-even oscillations that occur with the 2.7 8, 
excluded volume radius. While we can estimate error bars 
in the Monte-Carlo calculation of ( r d )  (ca. 2% at  n = 20 
and 30), this average is exceedingly sensitive to the pres- 
ence of chains with their ends in proximity. Very small 
fluctuations in distances of closest approach can lead to 
the odd-even oscillations seen in the insert in Figure 3. 

Our RIS model off-lattice chains differ from diamond 
lattice chains only in the choice of the LCCC bond angle; 
the chains retain many characteristics of lattice chains. In 
addition, inverse moments of r are very sensitive to the 
end-bend distance of chains with their ends in proximity. 
One might anticipate that ( r + )  would be sensitive to 
conformational constraints similar to those experienced 
in chain cyclization. I t  is well known that tetrahedral 
lattice chains form closed loops only for even-membered 
rings. Thus, there is a “trivial” explanation for an odd- 
even alternating effect, persisting to long chain length, for 
properties of lattice chains related to end-to-end cycliza- 
tion. 

A final comment is in order about the applicability of 
the RIS model to calculations of large inverse moments 
of r. These models assume fixed bond lengths and neglect 
bond angle vibrations and torsional librations of the di- 
hedral angles. One normally assumes these will not have 
much effect. In end-to-end cyclization of real polymers, 
especially short and medium length hydrocarbon chains,2l 
certain configurations are involved which are prohibited 
for RIS model chains. It may therefore be necessary to 
employ more sophisticated to account for 
properties of chains with their ends in proximity. 
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